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In this paper we extend the Falicov-Kimball model (FKM) to the case where the “quasi-particles”
entering the FKM are not “ordinary” fermions. As an example we first discuss how the FKM can be
generalized to the case with spin-dependent hopping. Afterward we discuss several cases where the
“quasi-particles” entering the FKM are Majorana fermions (extended Majorana-Falicov-Kimball
Model (MFKM). Two examples of extended MFKM are discussed in detail: (i) a p-wave BCS
superconductor on a bipartite lattice and (ii) a BCS-Anderson model. We also discuss the most
general forms of extended MFKM, including a brief discussion on the case where the Majorana
fermions represent spins, but not real fermion particles.
I. INTRODUCTION
Falicov-Kimball Model(FKM) is one of the simplest ex-
actly solvable interacting fermion models that displays a
variety of rich phenomena such as metal insulator tran-
sition and charge/spin density wave order [1,2]. In its
simplest form, the model describes a system of itiner-
ant (spin ↑) electrons interacting with localized (spin ↓)
electrons [1]. The Hamiltonian is
H = t
∑
i,j
(c†i↑cj↑+h.c.)+U
∑
i
c†i↑ci↑c
†
i↓ci↓−
∑
iσ
µσc
†
iσciσ
(1)
where electron hopping is allowed only for spin-↑ elec-
trons. U denotes the on-site interaction between elec-
trons and µσ is the chemical potential for spin-σ elec-
trons. The model is exactly solvable because the ↓-spin
electrons are all localized and ni↓’s can be treated as Z2
real numbers (= 0, 1). The remaining Hamiltonian on the
↑-spin electrons is quadratic and exactly solvable. The
model and its extensions have been studied in detail both
analytically and numerically over the past decades [3–9].
It is interesting to note that several recent works have
pointed out that FKM may be realized in cold atom sys-
tems as a tunable mass-imbalance Hubbard model, which
has been realized experimentally with light and heavy
atoms or with imbalanced left and right circular polar-
ized lights or rotating gradient magnetic field [10–13].
More recently, we showed that a class of S = 1/2 lat-
tice fermion models with equal spin pairing and on-site
Hubbard interaction U can be mapped into a Falicov-
Kimball type model when the electron hopping t equals
the BCS pairing amplitude ∆; the model has an FKM
form when represented in terms of Majorana fermions
[14]. As a unifying concept, we explore in this paper the
general conditions for which a spin-1/2 fermion model
with Hubbard interaction can be reduced to an FKM
form. We consider the cases where the quasi-particles
are (i) normal fermions and (ii) Majorana fermions. We
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note that in case (ii) the Majorana fermions may repre-
sent spins but not real fermions. As the term Majorana-
Falicov-Kimball model was introduced in Ref. [15] in a
different context, we name the model in case (ii) as the
extended Majorana-FKM(MFKM) in the following text.
A general recipe for constructing the extended MFKM
(or MFKM) is discussed. To illustrate, we study in de-
tail the spin-dependent Haldane Hubbard model as an
example in case (i). In case (ii) we first study a p-wave
BCS superconductor with on-site Hubbard interaction U
[14] and then a two-band Anderson lattice type model
with inter-band BCS pairing.
II. MODELS
In this section, we discuss how to construct general-
ized FKM with Hubbard-type on-site interactions. We
first consider tight-binding models with spin-dependent
hopping terms.
A. Tight-binding Model with Spin-Dependent
Hopping
We consider a general tight-binding model with spin-
dependent hopping and Hubbard on-site interaction,
H =
∑
i,j,σ,σ′
(tij,σσ′c
†
i,σcj,σ′ + h.c.) + U
∑
i
ni,↑ni,↓
− µ
∑
i
ni
(2)
where σ =↑, ↓ represents different spin species, tij,σσ′ is
the matrix element for a spin-σ fermion at site i hopping
to become a spin-σ′ fermion at site j, U is the Hubbard
on-site interaction and µ is the chemical potential.
The hopping Hamiltonian can be written in a matrix
notation as H =
∑
i,j Hij , where Hij = Ψ
†
iTijΨj , where
Ψ†i = {c†i↑, c†i,↓} represents a fermion spinor and Tij is
2× 2 matrix,
Ti,j =
(
tij,11 tij,12
tij,21 tij,22
)
, (3)
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2with tij,12 = t
∗
ji,21 due to the Hermicity of the Hamilto-
nian.
We next introduce a site-dependent SU(2) rotation on
the spinor,
Ψ˜i ≡
(
c˜i,↑
c˜i,↓
)
= Rs,i
(
ci,↑
ci,↓
)
, Rs,i ≡
(
αi βi
−β∗i α∗i
)
(4)
where Rs,i are unitary matrices with |αi|2 + |βi|2 =
1. Correspondingly, Hij → Ψ˜†i T˜ijΨ˜j where T˜i,j =
Rs,iTijR†s,j in the rotated basis. As the Hubbard inter-
action term is spin-rotational invariant, the interaction
term Un˜↑n˜↓ = Un↑n↓ remains unchanged in the spin-
rotated basis. The model becomes a FKM if we can find
a set of Rs,i’s such that
T˜ij = Rs,iTijR†s,j =
(
t˜i,j 0
0 0
)
, (5)
i.e., the hopping Hamiltonian Hij = Ψ
†
iTijΨj =
Ψ˜†i T˜ijΨ˜j contains only one hopping specie in the rotated
basis Ψ˜ which is precisely the FKM. To illustrate, we
discuss two examples in the following:
Case a Consider the simplest case where the system
has translational symmetry and the rotation matrix Rs,i
is site-independent. In this case it is easy to see that any
hopping Hamiltonian Ti,j ((i, j) = nearest neighbors) of
form
Ti,j = t˜
(|α|2 α∗β
αβ∗ |β|2
)
(6)
is exactly solvable. A simple example is
Ti,j = t˜
(
1
2
eiθ
2
e−iθ
2
1
2
)
, Rs,i ≡ 1√
2
(
1 eiθ
−e−iθ 1
)
(7)
corresponding to α = 1/
√
2, β = eiθ/
√
2.
Case b. We consider a bipartite lattice where Hi,j
describes hopping between two nearest neighbor sites
belonging to different sublattices A and B. In this
case a natural possibility is that the rotational matrix
Rs,i for the sites i on two sublattices are different, i.e.
Rs,A 6= Rs,B . In this case a sufficient condition that the
system can be reduced to a FKM-type Hamiltonian is
T˜i∈A,j∈B = Rs,ATi,jR†s,B =
(
t˜A,B 0
0 0
)
,
T˜i∈B,j∈A = Rs,BTi,jR†s,A =
(
t˜B,A 0
0 0
)
,
(8)
and Ti,j ’s must be of form
Ti∈A,j∈B = t˜A,B
(
α∗AαB α
∗
AβB
αAβ
∗
B βAβ
∗
B
)
,
Ti∈B,j∈A = t˜B,A
(
α∗BαA α
∗
BβA
αBβ
∗
A βBβ
∗
A
)
.
(9)
Spin-dependent hopping can be realized in systems
with spin-orbit coupling, although it is not easy to real-
ize the FKM limit where one of the fermion species band
becomes flat. The quasi-particles are (site-dependent)
spin-flipped fermions in these models. In Sec. III we shall
study an example of spin-dependent hopping models, and
propose a simple mean-field theory that can extrapolate
the system away from the FKM limit.
B. Extended Majorana Falicov-Kimball Model
In the previous subsection, we discussed general forms
of spin-dependent hopping Hubbard model which can
be mapped to FKM, in which the quasi-particles are
fermions. In this subsection, we explore the situation
where the quasi-particles are Majorana fermions.
We introduce spin-σ Majorana fermions γσ, ησ related
to ordinary fermions cσ, c
†
σ by
γσ =
1
2
(cσ + c
†
σ) (10a)
ησ =
i
2
(cσ − c†σ) (10b)
The Majorana fermions are self-conjugate with the prop-
erties γ2σ = η
2
σ = 1/4.
We can now write down an FKM with Majoranas
as quasi-particles [16]. The extended Majorana-Falicov-
Kimball model (MFKM) Hamiltonian is
H = −i
∑
i,jσ,σ′
gij,σσ′γi,σγj,σ′ + U
∑
i
(2iγi↑ηi↑2iγi↓ηi↓).
(11)
Similar to usual FKM, the kinetic part of this Hamil-
tonian contains only one of the Majorana species γi,σ’s.
Therefore, [ηl↑ηl↓, H] = 0 and can be replaced by C-
numbers. As (4iη↑η↓)2 ≡ 1, 2iη↑η↓ = ± 12 is a Z2 number.
The remaining Hamiltonian reduces to a quadratic form
for the γi,σ Majorana fermions and is thus exactly solv-
able. Notice that 4Uiγ↑η↑iγ↓η↓ = U(ni,↑ − 12 )(ni,↓ − 12 )
represents Hubbard interaction in original fermion rep-
resentation. Notice that the usual fermion chemical po-
tential term µ
∑
i,σ c
†
iσciσ = 2iµ
∑
i,σ γiσηiσ introduces
hybridization between γ and η fermions and is set to
zero in the extended MFKM, i.e., the extended MFKM
describes a particle-hole symmetric system with on-site
Hubbard interaction.
To find the physical fermion models that correspond
to the extended MFKM, we first write down a general
BCS-Hubbard model in the fermion basis,
H =
∑
i,j,σ,σ′
(tij,σσ′c
†
i,σcj,σ′ + h.c.) + (∆ij,σ,σ′c
†
i,σc
†
j,σ′ + h.c.)
+ U
∑
i
(ni,↑ − 1
2
)(ni,↓ − 1
2
)
(12)
3where σ =↑, ↓ represents different spin species, tij,σσ′ is
the spin-dependent hopping matrix from sites i to site j
and ∆ij,σσ′ is the spin-dependent pairing potential be-
tween particles in sites i, j and U is the Hubbard on-site
interaction. With the Majorana fermions introduced in
Eq. (10), the Hamiltonian (12) can be rewritten as,
H = 2i
∑
〈i,j〉,σσ′
[Im(tij,σσ′ + ∆ij,σσ′)γi,σγj,σ′
+ Im(tij,σσ′ −∆ij,σσ′)ηi,σηj,σ′ ]
+2i
∑
〈i,j〉,σσ′
[Re(tij,σσ′ −∆ij,σσ′)γi,σηj,σ′
−Re(tij,σσ′ + ∆ij,σσ′)ηi,σγj,σ′ ]
+U
∑
i
(2iγi,↑ηi,↑)(2iγi,↓ηi,↓).
(13)
In particular, the model reduces to the extended MFKM
described by Eq. (11) when only two of the four Majo-
rana fermions appear in the kinetic term that connects
different sites, i.e. when Re(tij,σσ′) = Re(∆ij,σσ′) = 0
and Im(tij,σσ′) = ±Im(∆ij,σσ′).
Other forms of extended MFKM can be constructed
through a unitary transformation as in the case of spin-
dependent hopping models. In the following, we shall
explore the most general form of BCS-Hubbard model
that can be mapped to extended MFKM.
To start with, we first consider the particle-hole trans-
formation, which can be viewed as an SU(2) rotation in
the pseudospin space (or a local Bogoliubov transforma-
tion) given by(
c˜↑
c˜†↓
)
= Rph
(
c↑
c†↓
)
, Rph ≡
(
a b
−b∗ a∗
)
(14)
with |a|2 + |b|2 = 1. Notice that sz = n↑−n↓ is invariant
under this transformation. Using the fact that (n↑ −
1
2 )(n↓− 12 ) = 14− 12 (sz)2, it is easy to see that the Hubbard
interaction is invariant under Rph, i.e.
U(2iγi,↑ηi,↑)(2iγi,↓ηi,↓) = U(2iγ˜i,↑η˜i,↑)(2iγ˜i,↓η˜i,↓).
where γ(γ˜) and η(η˜) are the Majorana fermions con-
structed from the c(c˜) fermions, respectively. Notice how-
ever that the charge carried by the c˜- fermions are in
general not equal to the charge carried by the original c-
fermions under Rph (see further discussion in Sec. III C).
This is different from the spin-dependent FKM discussed
in the previous subsection, where the charge carried by
fermions remain unchanged under spin rotation.
In the Majorana basis ΓTi = {γi,↑, γi,↓, ηi,↑, ηi,↓} , the
particle-hole rotation described by Rph can now be rep-
resented by a 4× 4 real matrix Pph, with
Γ˜ = PphΓ, Pph = θ0ρ0σ0 + iθyρyσ0 + iθxρxσy + iθzρzσy
(15)
where ρ(x,y,z) and σ(x,y,z) are the Pauli matrices acting on
the charge-{γ, η} and spin-{↑, ↓} subspaces, respectively.
The parameters {θi}(i = 0, x, y, z) corresponding to Eq.
(14) are {θ0 = Re(a), θy = Im(a), θx = Im(b), θz =
Re(b) }. Under this basis, one can rewrite the hopping
Hamiltonion as Hij = Γ
T
i Ti,jΓj where (T )i,j = −(TT )j,i.
Besides of the SU(2) rotation in pseudospin space,
Hubbard interaction term is also obviously invariant
under spin-rotation. And in Majorana basis Γ, spin-
rotation described by Eq. (4) is represented as
Γ˜ = PsΓ, Ps = φ0ρ0σ0 + iφxρyσx + iφyρ0σy + iφzρyσz
(16)
where {φ0 = Re(α), φx = Im(β), φy = Re(β), φz =
Im(α) }, corresponding to the parametrization in Eq. (4).
The spin-rotation and particle-hole transformations
above can be combined into a general SO(4) transfor-
mation as SO(4) ∼ SU(2)⊗ SU(2). Therefore, the Hub-
bard interaction term is invariant under such SO(4) ro-
tation described by Γ˜ = PΓ. Then one should have
P = Pph ⊗ Ps [17].
Following previous discussions, for any BCS-Hubbard
Hamiltonian of form (12), if it can be transformed to a
Hamiltonian of form (11) through an SO(4) rotation on
the basis Γ , then the Hamiltonian is exactly solvable. In
the Majorana representation, we look for transformations
of the Majorana basis Γ˜i = PiΓi and T˜i,j = PiTi,jPTj
such that
T˜i,j =

t˜11ij t˜12ij 0 0
t˜21ij t˜22ij 0 0
0 0 0 0
0 0 0 0
 . (17)
We note that as in the cases discussed in Sec. II A ,
the rotational matrix Pi can be site dependent. We now
consider two simple examples of extended MFKM in the
following. More examples will be discussed in Sec. III.
Case a. We consider the simplest case where the sys-
tem has translational symmetry and the rotation matrix
P = I is the same for all sites. This corresponds to the
case where tσσ′ and ∆σσ′ are pure imaginary numbers
with tσσ′ = ±∆σσ′ in Eq. (13).
Case b. Consider a bipartite lattice system in which
the rotation matrix P differs at sublattice A and sublat-
tice B, then a sufficient condition for the Ti,j is
TA→B = PTA T˜i,jPB
TB→A = PTBT˜j,iPA
(18)
where T˜i,j has the form of Eq. (17).
As an example, we take PA = I for sublattice A while
PB = Ps ⊗ Pph = I ⊗ iρyσ0 for sublattice B. Therefore,
the Majorana fermion basis remains the same, i.e. Γ˜A =
ΓA at sublattice A; however the basis is transformed as
{γ˜↑, γ˜↓, η˜↑, η˜↓} = {−η↑,−η↓, γ↑, γ↓} at sublattice B. The
4corresponding hopping matrix Ti,j in the original basis
has the form
TA→B =

0 0 0 t˜
0 0 −t˜ 0
0 0 0 0
0 0 0 0
 ,
TB→A =

0 0 0 0
0 0 0 0
0 −t˜ 0 0
t˜ 0 0 0
 ,
(19)
corresponding to the case where tσσ′ and ∆σσ′ are real
numbers and tij,σσ′ = −∆ij,σσ′ for i(j) ∈ A(B) and
tij,σσ′ = ∆ij,σσ′ for i(j) ∈ B(A) in Hamiltonian(13).
This corresponds to the model studied in Ref. [14].
C. BCS - Anderson Model
The exact solvability of models described in the above
subsections relies on the fact that the quadratic part of
the Hamiltonian generates two spin-split bands, one of
which is flat and the Hubbard interacting term is invari-
ant under spin rotation and particle-hole transformation
in the space spanned by the two bands. When multiple
band systems are considered, the Hubbard interacting
term will not be invariant under inter-band mixing in
general. However, there is a special case of two-band
models where the Hubbard interaction acts only on elec-
trons in one band–the Anderson lattice model [18]. We
consider here the BCS - Anderson lattice model with
Hamiltonian
H =
∑
〈i,j〉,τ
(tτ c
†
i,τ cj,τ + h.c.)−
∑
i,τ
µτ (c
†
i,τ ci,τ )
+
∑
i,τ,σ
(V1,τ,σc
†
i,τfi,σ + V2,τ,σc
†
i,τf
†
i,σ + h.c.)
+ U
∑
i
(f†i,↑fi,↑ −
1
2
)(f†i,↓fi,↓ −
1
2
)
(20)
where c(c†) is the annihilation (creation) operator for the
mobile c-fermions and f(f†) is the corresponding oper-
ator for the (immobile) f -fermions. τ denotes the spin
for c-fermions, while σ denotes the spin for f -fermions.
To make the model exactly solvable, we have introduced
an inter-band BCS pairing term V2 into H. Notice that
a spin-dependent chemical potential µτ is also added to
the c-fermions but the on-site energy is set to be zero for
the f -fermions.
In analog to the discussions in Sec. II B, we can write
down the hybridization matrix between the conducting
and the f - fermions in the Majorana basis,
γi,τ =
1
2
(ci,τ + c
†
i,τ ),
ηi,τ =
i
2
(ci,τ − c†i,τ ),
χi,σ =
1
2
(fi,σ + f
†
i,σ),
ξi,σ =
i
2
(fi,σ − f†i,σ).
(21)
In the Γi = {γi,↑, γi,↓, ηi,↑, ηi,↓} and Πi =
{χi,↑, χi,↓, ξi,↑, ξi,↓} bases, the coupling between the
c- electron and f -fermions (i.e. the second line in Hamil-
tonian (20)) can be written as Hc = Γihc,iΠi and the
model becomes exactly solvable if only two of the four
Majorana fermions appear in the coupling matrix hc,i.
More generally we may have hc,i → h˜c,i = PTc hc,iPf
where Pc and Pf are the rotation matrices as defined
in previous sections acting on the c- and f - electrons,
respectively. The general form of h˜c,i where the model
becomes exactly solvable is, therefore
h˜c,i = PTc hc,iPf =

t˜11 t˜12 0 0
t˜21 t˜22 0 0
0 0 0 0
0 0 0 0
 . (22)
The Hubbard interaction term in Eq. (20) can be rewrit-
ten as U
∑
i(2iχ˜i,↑χ˜i,↓)(2iξ˜i,↑ξ˜i,↓), where (2iξ˜i,↑ξ˜i,↓) =
D = ± 12 is a good quantum number when Eq. (22) is
satisfied. The model becomes exactly solvable.
D. Kitaev Spin Model
The extended MFKM may represent some exactly solv-
able spin models since Majorana fermions can be used to
represent spins, not only canonical fermions. For spin
S = 1/2, the spin operators can be represented as
Sx = iaxb; Sy = iayb; Sz = iazb;
with constraint axayazb = 1. It has been shown by Chen
and Nussinov [19] and Feng, Zhang, and Xiang [20] that
the Kitaev spin-1/2 model on Honeycomb lattice [21] can
be mapped to an extended MFKM with the help of the
Jordan-Wigner transformation. The details of the map-
ping can be found in references [19,20] and we shall not
reproduce the calculation here. It is interesting to note
that a 3-dimensional version of the Kitaev model has
been constructed by Miao et al. [22] with the help of the
extended MFKM representation.
III. EXAMPLES OF FKM AND EXTENDED
MFKM
To illustrate how the theory discussed in Sec. II can
be applied in realistic models, we study in this section
5several examples of FKM and extended MFKM. We first
consider the Falicov-Kimball-Haldane model which is an
extension of FKM with spin-dependent hopping. Using
this example, we shall illustrate how a mean-field the-
ory can be constructed to compute the properties of the
system beyond the FKM (exactly solvable) limit.
A. Falicov-Kimball Haldane Model
We first consider a spin-dependent Haldane Hubbard
model, which at FKM limit is exactly solvable. Our study
is motivated by the interests in realizing the topologi-
cal Haldane model on cold atom system and that FKM
may be realized in cold atom systems as a tunable mass-
imbalance Hubbard model [23,24]. It would be interest-
ing if one can realize the Haldane-Hubbard model in the
FKM limit. We consider the Hamiltonian
H =−
∑
〈i,j〉,σ
(t1,σσ′c
†
i,σcj,σ′ + h.c.) +
∑
i
Mini − µ
∑
i
ni
−
∑
〈〈i,j〉〉,σ
(t2,σσ′e
iφi,jc†i,σcj,σ′ + h.c.)
+ U
∑
i
(ni,↑ − 1
2
)(ni,↓ − 1
2
)
(23)
where σ =↑, ↓, t1,σσ′ and t2,σσ′ describe spin-dependent
hopping between nearest neighbor sites and next near-
est neighbor sites for the c-fermions, respectively. φi,j =
φ(−φ) for next nearest neighbor hopping between A(B)
sub-lattice sites. Mi = M(−M) is a staggered on-site
potential energy for A(B) sub-lattice sites i. In the fol-
lowing calculation, we fix the staggered potential M and
chemical potential µ to be zero (i.e. half-filled bands) for
simplicity.
When the hopping Hamiltonian satisfies the condition
given by Eq. (5), the Hamiltonian can be transformed
to a standard FKM which can be exactly solved since
(n˜↓ − 12 ) is a good quantum number and can be repre-
sented by a Z2 number Di = ±1/2. We assume here that
the spin-↑ is the itinerant specie while the spin-↓ fermions
are localized. From the results of previous theoretical
studies [3,4,25], we know that at half fillings the bipar-
tite system favors staggered configuration Di = +(−)1/2
for A(B) sublattices. This generates an effective on-site
potential difference Meff = U/2 for fermions on A and
B sublattices respectively, which can drive a topological
phase transition in Haldane model [26]. The topological
region is given by −3√3t2,↑ sinφ < Meff < 3
√
3t2,↑ sinφ.
The Haldane-Hubbard FKM differs from the normal
Haldane model in the existence of a solitonic excitation in
the present model generated by flipping a Z2 variable Di
from the ground state configuration. In Fig. 1, we plot
the corresponding excitation energy, the charge and the
spin carried by the excitation as functions of interaction
U when we flip the Z2 number from − 12 to 12 on one site.
We set φ = pi2 and t2↑ = 0.2t1↑ in our calculation.
-5 -4 -3 -2 -1 0 1 2 3 4 5
U/t1↑
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0.4
0.6
∆
E
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t 1
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/
h¯
(∆
C
)
∆E
∆C
∆S
(a)
FIG. 1: (a) Solitonic excitation properties. The solid curve
corresponding to label on the left is the solitonic excitation
energy ∆E/t1↑. The dashed curve corresponding to the label
on the right is the spin carried by the excitation ∆S/~. The
dash-dotted curve corresponding to the label on the right is
the charge carried by the excitation ∆C. (b) The correspond-
ing quasiparticle excitation spectrum. The dashed horizontal
line decribes the chemical potential µ = 0. The other param-
eters for both figures are set as: φ = pi
2
, t2↑ = 0.2t1↑.
From Fig. 1(a) we can see that the solitonic excitation
undergoes a transition at |U | ' 3t1,↑. When |U | ≤ 3t1,↑,
the solitonic excitation energy increases parabolically as
|U | increases. The charge carried by the excitation is
equal to 1 and the spin of the excitation equals − 12 , cor-
responding to trapping an additional spin down fermion
on that site. When |U | ≥ 3t1,↑, the excitation energy
starts to decrease as interaction gets stronger. In this re-
gion, the charge excitation jumps to 0 or 2 and the spin
excitation jumps to −1 or (0), depending on the sign of
U , indicating that a spin-up hole(electron) is also trapped
on that site to lower the energy when |U | is large enough.
It is interesting to note from Fig. 1(b) that the quasi-
particle gap first closes and then reopens with the in-
crease of U , indicating a topological phase transition.
The topological phase transition is accompanied by the
appearance of an in-gap state after the gap reopens
(topological trivial region), the in-gap state is occupied
when its energy is below the chemical potential line. The
crossing point corresponds to the transition point for the
topological excitation displaced in Fig. 1(a).
Experimentally it is extremely hard to prepare a sys-
tem in the exact FKM limit. Denoting δi =
ti,↓
ti,↑
(i = 1, 2),
a more realizable situation is 0 < δi  1. In this case,
the system is not exactly solvable. However if δi’s are
small enough, one can imagine that the system deviates
just a little bit from the exactly solvable limit and we
can build a self-consistent mean-field theory for the sys-
tem treating 〈Di〉 as a mean-field variable. The mean-
field theory becomes exact in the limit δ1 = δ2 = 0. We
have performed such a mean-field calculation and our re-
sult is presented in Fig. 2 which shows how the Chern
number of the system changes as we change U/t1,↑ and
δ1 = δ2 = δ with fixed φ =
pi
2 and M = 0. We see that
with the increase of δ, the region with C = −2 becomes
larger while the C = −1 region shrinks. In the small U
6limit, when δ > 0 the system can be viewed as two cop-
pies of normal Haldane models with different bandwidth
hence C = −2. With the increase of interaction, the re-
pulsion causes slight difference of density between sublat-
tices which makes the flatter band (spin-down band here)
topological trivial. Thus the system goes into C = −1
phase. When increasing U further, the other band will
also become topological trivial due to the same reason.
0 1 2 3
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FIG. 2: Chern number phase diagrams as a function of U/t1
and δ. We set φ = pi
2
and t2,σ = 0.2t1,σ.
We note that the Hamiltonian (23) becomes an XXZ
spin model [27] in the large (positive) U limit at half-
filling and further reduces to the classical Ising model in
the FKM limit with
Heff =
∑
〈i,j〉
t21↑
U
Szi S
z
j +
∑
〈〈i,j〉〉
t22↑
U
Szi S
z
j
because the ↑-spins are localized. When t2↑  t1↑, the
first term dominates and thus the ground state will be
anti-feromagnetic. When t2↑  t1↑, the second term
dominates and the system becomes frustrated. This
model has been studied in Ref. [28] and we refer the
readers to it for further details.
B. BCS-Hubbard Model with P -wave Pairing
We next consider the BCS-Hubbard model on a
square/cubic lattice given by H = H0 + Hint stated in
Ref. [14], with
H0 =
∑
〈i,j〉,σ
(
tijc
†
iσcjσ + h.c.+ ∆ijc
†
iσc
†
jσ + h.c.
)
Hint =U
∑
l
(nl↑ − 1
2
)(nl↓ − 1
2
)
(24)
where 〈i, j〉 describes nearest neighbor sites with i ∈
A, j ∈ B being lattices sites belonging to different sub-
lattices on a cubic or square lattice. tij = tji = t and
∆ij = −∆ji = ∆ are hopping matrix and BCS-pairing
term between sites i and j, respectively. The last term
describes on-site Hubbard interaction U where l ∈ A,B,
tt
t
t
D-D
D
-D
AB
U
FIG. 3: BCS-Hubbard model on square lattice with the blue
dots representing A sub-lattice and red dots representing B
sub-lattice [14]. The hopping term t is uniform along all the
nearest neighbor bond, i.e. tA→B = tB→A, while the pairing
potential has a staggered form ∆A→B = −∆B→A. U repre-
sents the Hubbard on-site interaction.
i.e. all lattices sites where nlσ = c
†
lσclσ. The BCS-pairing
term describes a p-wave superconductor with equal spin
pairing (ESP). We shall consider a pairing term ∆ij = ∆
which is positive when i ∈ A, j ∈ B (see Fig. 3). Through
the construction of Majorana fermions and a staggered
SO(4) rotation corresponding to Case b of Sec. II B, the
Hamiltonian (24) can be transformed to a simple form
H0 → 4it˜
∑
〈i,j〉,σ
(−γiσγjσ + δηiσηjσ) (25)
Hint → U
∑
l
(2iηl↑γl↑)(2iηl↓γl↓)
where t = t˜(1 + δ) and ∆ = t˜(1− δ). In the limit t = ∆
(or δ = 0), the kinetic (H0) term is expressed in terms of
Majorana fermions γ’s only. The Hamiltonian describes
an extended MFKM.
The above model exhibits interesting properties. It
has spin-1/2 chargeless quasi-particles and solitonic exci-
tations which may be fermions or bosons, depending on
the strength of interaction. The energy and spin carried
by the solitonic excitation are shown in Fig. 4. The main
difference between this model and the Haldane-Hubbard
model described in Sec. III A is that here the charge exci-
tation is always zero. This is because the quasi-particles
are equal superposition of particle- and hole- excitations
in the present model. Furthers details can be found in
Ref. [14].
We note that an extension of this model that describes
a topological superconductor has also been proposed re-
cently by introducing a next nearest neighbor hopping
and pairing in a honeycomb lattice [29].
It is interesting to examine the effect of particle-hole
transformation described in Sec. II B on this model.
Consider(
c↑
c†↓
)
= Rph
(
c˜↑
c˜†↓
)
, Rph ≡
(
a b
−b∗ a∗
)
(26)
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FIG. 4: The solitonic excitation in BCS-Hubbard model. The
solid curve corresponding to the left label is the solitonic ex-
citation energy ∆E. The dash-dotted curve corresponding to
the right label is the spin ∆my carried by the excitation. The
charge carried by the excitation is always 0.
where a = 1, b = 0 on A-sublattice and a = 0, b = 1 on
B-sublattice. In terms of c˜- fermions, the model becomes
H →
∑
〈i,j〉
(
tij(c˜
†
i↑c˜
†
j↓ − c˜†i↓c˜†j↑) + h.c.
+∆ij(c˜
†
i↑c˜j↓ − c˜†i↓c˜j↑) + h.c.
)
+ U
∑
l
(n˜l↑ − 1
2
)(n˜l↓ − 1
2
).
Notice that the hopping term becomes an extend-s-wave
BCS pairing term and the pairing term becomes a vector
(spin triplet) hopping term under this transformation.
This is not surprising since our model breaks rotation
symmetry and s− and p− wave pairings are in general
mixed in our model. Notice also that under the particle-
hole transformation, the charge carried by the c- and c˜-
fermions are the same on A-sublattice, but are opposite
on B-sublattice. For more general particle-hole transfor-
mations, the charge carried by the c- fermions may be a
fraction of the charge carried by the c˜- fermions and vice
versa as we shall see in the next subsection.
C. Anderson Lattice Model
In this subsection, we consider two related examples of
BCS-Anderson lattice models. The models are extended
MFKM’s as discussed in Sec. II C . The first model we
consider has Hamiltonian
H =t
∑
〈i,j〉,σ′σ
(c†i,σcj,σ + h.c.) +
∑
i,σ
σ(c
†
i,σci,σ)
+ U
∑
i
(f†i,↑fi,↑ −
1
2
)(f†i,↓fi,↓ −
1
2
)
+Hc
(27)
where σ =↑, ↓ are spin variables . c(c†) is the anni-
hilation (creation) operator for c-fermions while f(f†)
is the annihilation (creation) operator for localized f -
fermion. 〈i, j〉 denotes nearest neighbors on the lattice.
σ = µ + σB represents a spin-dependent on-site energy
for c-fermions. The on-site energy term is set to be zero
for the f -fermions. There is an on-site Hubbard interac-
tion U between f -fermions.
Hc describes an onsite coupling between the c- and
f -fermions with
Hc = i
V
2
∑
i,σ
(ci,σ + c
†
i,σ)(fi,σ + f
†
i,σ)
in our first model. In the basis Ψc = {c↑, c↓, c†↑, c†↓}T
and Ψf = {f↑, f↓, f†↑ , f†↓}T , this term is represented as
Hc =
∑
i Ψ
†
cihcΨfi where
hc = i
V
2
1 0 1 00 1 0 11 0 1 0
0 1 0 1
 . (28)
In this case, the Majorana fermions ξiσ = i(fi,σ − f†i,σ)
does not enter Hc and Di = iξi↑ξi↓ is a constant of
motion in the Hubbard interaction term. The model
reduces to an extended MFKM. The ground state of
the system is determined by the configuration of Di’s
that minimizes the total energy. We have performed
the calculation numerically for a one-dimensional lat-
tice with periodic boundary condition and find that the
ground state configuration is fully determined by the re-
lation between chemical potential µ and Zeeman field B.
When µ > B the system favors uniform configuration
Di = D∀i. When B > µ the system favors staggered
configuration Di = (−1)iD. The uniform and staggered
configurations are degenerate when µ = B. The rela-
tion between B > (<)µ can be understood by making a
transformation for the system
c˜i↑ = ci↑, c˜i↓ = (−1)ic†i↓, f˜i↑ = fi↑, f˜i↓ = (−1)if†i↓,
U˜ = −U, µ˜ = B, B˜ = µ.
(29)
It is easy to show that the Hamiltonian (27) is invariant
under the transformation. In particular, the chemical
potential becomes the magnet field term in the trans-
formed basis and vice versa, i.e., there exists a one-to-
one mapping between the ground states at B > µ and at
µ˜ > B˜. In particular, when D˜i = iξ˜↑ξ˜↓ is uniform, then
Di = (−1)iD˜i = (−1)iD is staggered.
To compare the difference between the two cases, we
compute the ground states uniform and/or staggered
magnetization along y-direction and on-site s-wave pair-
8ing amplitude, defined as follows:
∆G =
1
N
∑
i〈G|∆ˆi|G〉 (30a)
SyG =
1
N
∑
i〈G|Sˆyi|G〉 (30b)
∆¯G =
1
N
∑
i(−1)i〈G|∆ˆi|G〉 (30c)
S¯yG =
1
N
∑
i(−1)i〈G|Sˆyi|G〉 (30d)
ν = 1N
∑
i〈G|nˆif + nˆic − 1|G〉 (30e)
where |G〉 is the ground state wave function, N is the
number of total sites. ∆ˆi = ∆ˆfi + ∆ˆci where ∆ˆc(f)i =
i(c(f)i↑c(f)i↓− c(f)i↓c(f)i↑) is the s-wave pairing opera-
tor between c(f) electrons on-site i. Sˆyi = Sˆ
(c)
yi + Sˆ
(f)
yi
where Sˆ
c(f)
yi = ic
†(f)i↑c(f)i↓ + h.c. is the magnetiza-
tion at site i carried by c(f) electrons along y direction.
(To avoid confusion we note here that the external mag-
netic field B is applied along z-direction. The Majorana
fermion hybridization term breaks spin-rotation symme-
try and induces magnetization along y-direction.) The
ground state properties corresponding to the two config-
urations(uniform and staggered) are shown in Fig. 5(a)
and Fig. 5(b), respectively.
For both Fig. 5(a) and Fig. 5(b), we first notice that
there exists a first order phase transition at U = 0, mak-
ing U = 0 a critical point. For Fig. 5(a) (µ > B),
the ground state magnetization along y-direction changes
from zero to ferromagnetic as the interaction changes
from negative to positive, the uniform superconducting
order parameter remaining finite throughout the phase
transition. We note that although Hc drives a p-wave
superconducting order, the s-wave pairing amplitude
is nonzero because the Majorana fermion hybridization
term breaks rotation symmetry. In Fig. 5 (b) we show
the case for µ < B. In this case, the ground state
s-wave superconducting order changes from staggered
non-zero to zero as the interaction changes from nega-
tive to positive, with a staggered magnetization (along
y-direction) remaining throughout the phase transition.
This behavior can be understood from the transforma-
tion (29). We can see that the staggered pairing cor-
relation ∆G/t becomes the magnetization SyG/(0.5~) if
U → −U while staggered magnetization S¯yG/0.5~ be-
comes the (uniform) pairing correlation. We note also
that in the first case (Fig. 5(a)) the electron density is
nonzero (away from half-filling) because ν 6= 0.
Next we consider our second model. The model has
the same form as Eq. (27) except that Hc = Ψ
†
ch˜cΨf
with
h˜c = i
V
2
 1 i 1 −i−i 1 i 11 i 1 −i
−i 1 i 1
 (31)
It is straight forward to show that h˜c can be generated
from hc through a transformation Pf = Pph⊗Ps defined
in Eq. (15) and Eq. (16)with Pph = 1√2 (ρ0σ0 + iρxσy)
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FIG. 5: (a) The ground state properties as a function of in-
teraction strength U for µ = 0.3t and B = 0, (µ > B, the
uniform Di case). The solid curve represents the total elec-
tron density of the system ν, the dashed curve represents
the pairing correlation ∆G/t while the dotted curve repre-
sents the magnetization along y direction SyG/0.5~. (b) The
ground state properties as a function of interaction strength
U for µ = 0 and B = 0.3t (µ < B, the staggered Di case).
The solid curve represents the total electron density of the
system ν. The dashed curve represents the staggered pairing
correlation ∆¯G/t while the dotted curve represents the stag-
gered magnetization along y direction S¯yG/0.5~. The other
parameters are set as V = 0.6t, N = 50.
and Ps = I, corresponding to a particle-hole transforma-
tion for the f -fermions(
f˜↑
f˜†↓
)
=
1√
2
(
1 i
i 1
)(
f↑
f†↓
)
. (32)
The Hamiltonian is thus the same as Eq. (27) except
f(f†)σ → f˜(f˜†)σ (σ =↑↓).
Although the Hamiltonian has the same form as the
previous case in the rotated basis f → f˜ , the physical
properties of the ground state are different because the
charge carried by f˜ -fermions are not the same as the
charge carried by the f -fermions. As is shown in Fig. 6,
we see that the total electron density of the system ν =∑
σ(〈f†iσfiσ〉 + 〈c†iσciσ〉) changes as interaction strength
U changes, although ν˜ =
∑
σ(〈f˜†iσ f˜iσ〉+〈c†iσciσ〉) remains
unchanged as a function of U . The differences between
(a)(µ > B) and (b) (µ < B) can again be understood
from the transformation (29).
IV. CONCLUSION
In summary, we explore in this paper generalizations
of the Falicov-Kimball model. We consider generalized
Falicov-Kimball model in three types of systems:(i) nor-
mal Hubbard Hamiltonian with spin-dependent hopping;
(ii) BCS-Hubbard Hamiltonian and (iii) Anderson lat-
tice model. We explore the criteria when these three
types of models can be transformed into effective Falicov-
Kimball models (or extended Majorana Falicov-Kimball
model). Besides ordinary electrons, we point out that the
extended Majorana Falicov-Kimball model can describe
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FIG. 6: (a) The ground state properties as a function of in-
teraction for the uniform Di case (µ > B, here B = 0 and
µ = 0.3t ). The solid curve represents the filling factor of
the system ν. The dashed curve represents the pairing cor-
relation ∆G/t while the dotted curve represents the magne-
tization along y direction SyG/0.5~. (b) The ground state
properties as a function of interaction for the staggered Di
case (µ < B, here µ = 0 and B = 0.3t ). The solid curve rep-
resents the filling factor of the system ν. The dashed curve
represents the staggered pairing correlation ∆¯G/t while the
dotted curve represents the staggered magnetization along y
direction S¯yG/0.5~. The other relavant parameters for both
figures are set as: V = 0.6t, N = 50.
spin-1/2 systems. Corresponding to the three general
classes, we study three specific models in detail:(i) The
spin-dependent Haldane Hubbard model, in which an
interaction-driven topological phase transition is found.
With different interaction strength, the solitonic exci-
tations in the model carry different spins and charges,
and can be fermion- or boson- like; (ii) a p-wave BCS
superconductor with staggered pairing potential. When
the pairing potential ∆ equals the hopping amplitude t,
the system becomes exactly solvable and becomes an ex-
tended Majorana Falicov-Kimball model; (iii) an Ander-
son lattice model with a Majorana fermion coupling be-
tween the localized fermions and the itinerant electrons.
We emphasize here that our general criteria for find-
ing exactly-solvable, extended Falicov-Kimball model
provide guidance to find exactly solvable interacting
fermions (or spin) models. A common feature of these
models is that they exhibit both quasi-particle and soli-
tonic excitations. We note that a very recent work dis-
cusses an exactly solvable two-dimensional topological
superconductors with Hubbard interaction [29], the exact
solution to Haldane-Hubbard-BCS-model [30] and the
generalized Kitaev model to three dimension [22] are ex-
amples of the extended Majorana Falicov-Kimball model
we discussed.
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